An equivariant, ample line bundle on a toric variety X Σ defines a polytope in a vector space M R . We extend this simple correspondence to a functor from the derived category of coherent sheaves on X Σ to a category of constructible sheaves on M R . We prove this functor is an equivalence, thus categorifying Morelli's description of the equivariant K-theory of a toric variety. We connect this construction to mirror symmetry by two processes: T-duality and microlocalization. T-duality relates coherent sheaves on X Σ to a Fukaya category on the cotangent bundle of the vector space, T * M R . Microlocalization relates this Fukaya category to constructible sheaves on M R . These results generalize work of the first author on projective spaces.
1. Introduction 1.1. Overview. In this paper we construct a dictionary between equivariant coherent sheaves on toric varieties and constructible sheaves on real hyperplane arrangements, and use this dictionary to verify an equivariant version of Kontsevich's homological mirror symmetry (HMS) conjecture for toric varieties.
Recall that to a projective n-dimensional toric variety X we may associate a polytope △ ⊂ R n whose vertices are lattice points. Let H △ denote the union of all rational hyperplanes in R n that are parallel to the faces of △. The following is a special case of our main theorem: Theorem 1.1. Let X be a smooth projective complex toric variety and let △ be its moment polytope. Suppose furthermore that every face of △ is symmetric about its barycenter. Then there is an equivalence of derived categories
• D T (X) denotes the derived category of T -equivariant coherent sheaves on X, and • D cc (R n ; H △ ) denotes the derived category of sheaves on R n which are compactly supported and constructible with respect to the stratification defined by H △ .
By taking Euler characteristics of stalks, the Grothendieck group of the constructible category is naturally identified with the group of compactly supported functions on R n that are constant along each cell of H △ . The theorem above therefore identifies the equivariant K-theory of X and this group of functions-this is Morelli's beautiful isomorphism [Mo] . We regard the results of this paper as "categorifications" of Morelli's theorem.
The funny symmetry hypothesis 1 plays no role in this paper (or in Morelli's), except to postpone the introduction of the microlocal perspective of sheaves developed by Kashiwara and Schapira. In fact, the "smooth and projective" hypotheses can be removed as well. The microlocal theory of sheaves associates to each constructible sheaf F on R n a conical Lagrangian subvariety SS (F ) ⊂ T * R n , called its "singular support." A sheaf F is constructible with respect to a stratification S if and only if SS (F ) belongs to the "conormal variety" Λ(S) of S.
We will associate to any toric variety a conical Lagrangian Λ ⊂ Λ(H △ ), with equality exactly when X satisfies the hypotheses of Theorem 1.1. Our more general main results are all schematically of the following form:
Main Theorem. If X is a toric variety, there is a corresponding conical Lagrangian Λ ⊂ T * R n and an equivalence of triangulated categories (or rather, triangulated A ∞ -categories or dg categories) equivariant coherent or quasi-coherent sheaves on X, of a certain form ∼ = constructible sheaves on R n with singular support in Λ, of a certain form Moreover, this equivalence is "tensorial"-it intertwines the tensor product on X with the convolution product on R n .
We prove four versions of this theorem. The first three are all variations on each other, where we pin down the appropriate finiteness conditions on both sides. The fourth is different in kind. The right hand side is not a category of sheaves but a Fukaya category of Lagrangian branes. That categories of coherent sheaves should be equivalent to Fukaya categories is roughly the statement of Kontsevich's HMS conjecture.
1.2. T-duality, Microlocalization and Homological Mirror Symmetry. The coherent-constructible correspondence described above has a purely algebraic proof, but we understand it better as a composition of two more geometric operations: T-duality and microlocalization.
The first, T-duality, takes us from holomorphic line bundles on the toric variety X to Lagrangian submanifolds of the symplectic space defined by dualizing the torus fibration X {0} → X {0} /T R , where X {0} ⊂ X is the open orbit and T R is the compact real torus. To see this, we choose a T R -invariant hermitian metric for the holomorphic line bundle on X; T R -invariance ensures that the associated U (1)connection, when restricted to each T R orbit, is flat, so the monodromies define a point in the dual torus T ∨ R . The family of such points defines a Lagrangian section of the dual fibration, which is simply the cotangent bundle T * T ∨ R of the dual torus. 2 This T-duality construction has an equivariant analogue: choosing a T -equivariant structure on the line bundle gives a lift of the T-dual Lagrangian to the universal cover of the symplectic side. This universal cover is naturally identified with the cotangent bundle of the real vector space M R := Lie(T R ) * .
Microlocalization, as described in [Na, NZ] , is an equivalence between the Fukaya category of exact Lagrangian submanifolds on a cotangent bundle and the category of constructible sheaves on the base manifold. The rough idea is that the exactness condition on the Lagrangian allows one to dilate it toward the zero section via Hamiltonian deformations, which are equivalences in the Fukaya category. In this way, the Lagrangian is dilated to a conical Lagrangian cycle which is the characteristic cycle of the corresponding constructible sheaf. The Lagrangian itself remembers more information than just its conical limit, however.
Through these two operations-T-duality, which is a recipe for mapping objects, and microlocalization, which is a mathematical equivalence of categories-we can go from ample (equivariant) holomorphic line bundle on X to Lagrangian on the 2 Beware: the fiber of the torus fibration (which is a trivial fibration on the open orbit) is the base of the cotangent bundle fibration.
(universal cover of the) dual fibration to constructible sheaf on the vector space M R . Recall that an ample line bundle on a toric variety is determined by a polytope △ in the dual vector space M R of the fan space. When one follows the route outlined above, one finds that the constructible sheaf is also determined by the polytope △: it is the proper push-forward of the constant sheaf on △! This mapping allows us to construct the functor which establishes the theorems above.
In fact, Lagrangians which are T-dual to equivariant ample line bundles all approach infinity in the cotangent directions of T * M R in a prescribed way determined by the fan defining the toric variety X. These Lagrangians thus define a subcategory of the Fukaya category defined by a conical Lagrangian cycle Λ determined by the toric variety. Denote this (derived) subcategory DF uk(T * M R ; Λ). Similarly, the microlocal behavior of the corresponding constructible sheaves is highly constrained: their singular support must lie in Λ, as discussed above. Much of the present paper is devoted to characterizing the image of the functor as the subcategory generated by all such sheaves and Lagrangians, allowing us to construct equivalences in the Main Theorem above, and not just embeddings.
Note that the Main Theorem, combined with the microlocalization theorem [Na, NZ] , tells us that T-duality alone is responsible for the equivalence in the following: Theorem 1.2. Let X be a smooth, projective complex toric variety. Let Λ ⊂ T * M R be the conical Lagrangian produced in the Main Theorem, above. Then there is an equivalence of derived categories
where DF uk(T * M R ; Λ) is the full subcategory consisting of branes with boundary at infinity contained in Λ.
This theorem can be viewed as a version of homological mirror symmetry (HMS), in the following sense. Recall that HMS for toric varieties is traditionally meant to relate coherent sheaves on X to the Fukaya-Seidel category, a category of vanishing cycles corresponding to the Landau-Ginzburg mirror theory. This traditional version of HMS has already been proven by AKO2] for toric Fano surfaces, for example (see Section 1.4 for a discussion of previous work). The nonequivariant versions of the theorems described above would therefore establish the equivalence of our Fukaya category with the Fukaya-Seidel category in these cases. In any event, we have established an equivalence between the derived category of equivariant coherent sheaves and the derived Fukaya category of a mirror geometry, for any smooth, projective complex toric variety.
1.3. Simple Example. The simplest case of our construction is illustrative: equivariant P 1 = C ∪ {∞}, with its C * action z → t · z. Write z = e y+ √ −1θ , so θ ∈ S 1 coordinatizes the real torus. The divisors p 0 = 0 and p ∞ = ∞ span the equivariant Picard group. The equivariant line bundle O P 1 (ap 0 + bp ∞ ), a, b ∈ Z, admits an S 1 -invariant hermitian metric h = |z| 2b (1+|z| 2 ) a+b and associated connection 1-form A = 1 √ −1 ∂ y log h dθ. On each real torus y = const, this connection has monodromy determined by a point γ = −∂ y log h on the dual S 1 , coordinatized by γ. Letting y vary determines a submanifold L = {γ = −∂ y log h}. By the explicit form of h, we find γ = (a+b)e 2y 1+e 2y − b. The nonequivariant bundle is O P 1 (a + b), and note that keeping the sum a + b fixed and varying b amounts to lattice translations in the universal cover R of the dual torus S 1 . Inverting equations, we can write L as a graph over an interval over length |a + b| in R, which corresponds to a constructible sheaf by [NZ] .
T-duality microlocalization Fig.1 Our procedure for P 1 . The three Lagrangians shown above come from equivariant line bundles O P 1 (p 0 ), O P 1 (p ∞ ) and O P 1 (−2p 0 ). By microlocalization [NZ] , they respectively correspond (up to shifts) to three constructible sheaves on R:
1.4. Relation to the work of others. The present work both reproduces and extends results of several authors. Below are some specific comparisons.
1.4.1. Morelli. In [Mo] , Morelli provided a beautiful description of the equivariant K-theory of a toric variety. In our notation, he proved an isomorphism between the K-group of algebraic equivariant vector bundles on X Σ and a group of piecewiseconstant functions on M R . To an ample line bundle, his isomorphism assigns the characteristic function on the moment polytope. Morelli noted, too, that under the isomorphism, the tensor product structure on K(X Σ ) is exchanged with a convolution product of functions on a vector space. Our functor is similarly tensorial, with the convolution product on sheaves now instead of functions. In equations, this arises from the fact that the Hermitian metric h of a tensor product of Hermitian line bundles is the product of the two metrics, and the Lagrangian is constructed from the connection ∂ log h, which is additive. 1.4.2. Bondal, We first briefly describe the results announced in [Bo] . Let X Σ be a smooth projective toric variety defined by a fan Σ ⊂ N R . Bondal defines a map
. The image is a finite set B and generates D(X Σ ), the bounded derived category of coherent sheaves on X Σ . The level sets {Φ −1 (b) | b ∈ B} form a (non-Whitney) stratification S of the real torus T ∨ R . Under some numerical condition on the fan Σ, B is a complete strong exceptional collection. In this case, Bondal claims that there is an equivalence
is the derived category of sheaves on T ∨ R which are constructible with respect to the stratification S.
In this work, we establish an equivariant version of this equivalence for any toric variety, and use microlocal geometry to characterize the image.
The derived equivalence (1) is related to a joint project of Bondal-Ruan on mirror symmetry. Bondal and Ruan announced a proof of homological mirror symmetry for weighted projective spaces, generalizing the result by Auroux-Katzarkov-Orlov on weighted projective planes [AKO1] . 3 1.4.3. Abouzaid. In [Ab2] , Abouzaid defined a (relative) Fukaya category of the Landau-Ginzburg theory dual to a toric Fano variety and identifies a subcategory which is equivalent to the derived category of the toric Fano. His Lagrangians are sections of the logarithmic moment map (C * ) n → R n over a bounded region, and have boundaries in a complex hypersurface. The tropical limit of these Lagrangians are sections over a convex polytope, and is closely related to our T-dual Lagrangians. Torus equivariance is encoded in the Z n grading of morphisms in various categories introduced in [Ab2] . See Appendix C for details.
We also mention recent work studying the A-model for toric [CO, FOOO1, FOOO2] and non-toric [Au] varieties, and the relation to the Landau-Ginzburg mirror-especially Chan-Leung [CL] , which employs similar T-duality reasoning. Finally, we mention that equivalences between categories of coherent and constructible sheaves occur in the geometric Langlands program, e.g. [ABG] .
1.5. Outline. In Section 2, we review some relevant concepts from category theory, sheaf theory, and toric geometry.
In Section 3, we prove the sheaf-theoretic version of our main result. We introduce objects {Θ(σ, χ)} in the dg category Sh c (M R ) of constructible sheaves of C-vector spaces on M R , and {Θ ′ (σ, χ)} in the dg category Q T (X) of equivariant quasicoherent sheaves on X, and show that their triangulated envelopes are equivalent. We prove a functoriality result: for an appropriate morphism between toric varieties, the equivalence intertwines the pullback operation on quasicoherent sheaves with a pushforward operation on constructible sheaves. From this we deduce a tensoriality result: the equivalence intertwines the tensor product of quasicoherent sheaves with the convolution product (with respect to the additive structure on M R ) of constructible sheaves.
In Section 4 we characterize the dg category generated by the objects {Θ(σ, χ)} by a microlocal condition: it is equivalent to the category of sheaves whose singular support belongs to a union of finitely many Lagrangian shards-i.e. sets of the form χ + σ ⊥ × (−σ) ⊂ T * M R . We also characterize the dg category generated by the objects {Θ ′ (σ, χ)} as the category of quasicoherent sheaves with "finite fibers." Thus we obtain an equivalence of categories that can be described without using generators. We deduce in Section 5 that, when X is complete, the full subcategory of Q T (X) of perfect complexes (i.e. bounded complexes of equivariant vector bundles) 3 In [AKO1], homological mirror symmetry is also proved for some other toric surfaces (Hirzebruch surfaces and toric blowups of P 2 ). The homological mirror symmetry for (not necessarily toric) del Pezzo surfaces was proved in [AKO2] .
is equivalent to the full subcategory of Sh c (M R ) of compactly supported complexes whose singular support belongs to a union of Lagrangian shards.
In Section 6 we turn to smooth projective toric varieties. We show that a T Rinvariant hermitian metric on an equivariant, ample or anti-ample line bundle, once restricted to the open torus orbit, allows us to define a T-dual object: a Lagrangian submanifold of the dual torus fibration. Keeping track of equivariance, one finds the Lagrangian to lift naturally to the universal cover of the dual torus fibration
is the universal cover of the real dual torus T ∨ R . In Section 7, we show that the Lagrangian submanifold of T * M R is an object ("brane") of the Fukaya category. We relate this brane on the cotangent bundle T * M R to a constructible sheaf on M R -a "costandard" brane on the interior of the moment polytope of the original equivariant ample line bundle, or a "standard" brane on the interior of the moment polytope of the original equivariant anti-ample line bundle. Applying the results in [NZ, Na] , we obtain a version of equivariant HMS for toric varieties, and the corresponding functoriality and tensoriality results.
Notation and conventions
2.1. Categories. We will use the language of dg and A ∞ categories throughout. If C is a dg or A ∞ category, then hom(x, y) denotes the chain complex of homomorphisms between objects x and y of C. We will use Hom(x, y) to denote hom sets in non-dg or non-A ∞ settings. We will regard the differentials in all chain complexes as having degree +1, i.e. d : K i → K i+1 . If K is a chain complex (of vector spaces or sheaves, usually) then h i (K) will denote its ith cohomology object.
If C is a dg (or A ∞ ) category, then Tr (C) denotes the triangulated dg (or A ∞ ) category generated by C, and D(C) denotes the cohomology category H(T r(C)) 4 . The triangulated category H(T r(C)) is sometimes called the derived category of C.
2.2.
Schemes and coherent sheaves. All schemes that appear will be over C. If X is a scheme, then we let Q(X) naive denote the dg category of bounded complexes of quasicoherent sheaves on X, and we let Q(X) denote the localization of this category with respect to acyclic complexes (see [Dr] for localizations of dg categories). If G is an algebraic group acting on X, we let Q G (X) naive denote the dg category of complexes of G-equivariant quasicoherent sheaves. We let Q G (X) denote the localization of this category with respect to acyclic complexes. We use Perf(X) ⊂ Q(X) and Perf G (X) ⊂ Q G (X) to denote the full dg subcategories consisting of perfect 4 Here is a possible construction of the triangulated envelope. The Yoneda embedding Y :
C → mod(C) maps an object L ∈ C to the A∞ right C-module hom C (−, L). The functor Y is a quasi-embedding of C into the triangulated category mod(C). Let T r(C) denote the category of twisted complexes of representable modules in mod(C), which is a version of the triangulated envelope of C. objects-that is, objects which are quasi-isomorphic to bounded complexes of vector bundles. If u : X → Y is a morphism of schemes, we have natural dg functors u * : Q(X) → Q(Y ) and u * : Q(Y ) → Q(X). Note that the functor u * carries Perf(Y ) to Perf(X). Suppose G and H are algebraic groups, X is a scheme with a G-action, and Y is a scheme with an H-action. If a morphism u : X → Y is equivariant with respect to a homomorphism of groups φ : G → H, then we will often abuse notation and write u * and u * for the equivariant pushforward and pullback functors u * :
2.3. Constructible and microlocal geometry. We refer to [KS] for the microlocal theory of sheaves. If X is a topological space we let Sh(X) denote the dg category of bounded chain complexes of sheaves of C-vector spaces on X, localized with respect to acyclic complexes. If X is a real-analytic manifold, Sh c (X) denotes the full subcategory of Sh(X) of objects whose cohomology sheaves are constructible with respect to a real-analytic stratification of X. If X is a realanalytic manifold, then Sh cc (X) ⊂ Sh c (X) is the full subcategory of objects which have compact support. We use D c (X) and D cc (X) to denote the derived category D(Sh c (X)) and D(Sh cc (X)) respectively.
The standard constructible sheaf on the submanifold i Y : Y ֒→ X is defined as the push-forward of the constant sheaf on Y , i.e. i Y * C Y as an object in Sh c (X). The Verdier duality functor D :
We denote the singular support of a complex of sheaves F by SS (F ) ⊂ T * X. If X is a real-analytic manifold and Λ ⊂ T * X is an R >0 -invariant Lagrangian subvariety, then Sh c (X; Λ) (resp. Sh cc (X; Λ)) denotes the full subcategory of Sh c (X) (resp. Sh cc (X)) whose objects have singular support in Λ.
2.4. Toric geometry. Let N ∼ = Z n be a free abelian group, and let Σ be a fan in N (or in N R = N ⊗ R) of strongly convex rational polyhedral cones. We do not necessarily assume that Σ satisfies further conditions-e.g. that it is complete, or simplicial.
Given N and Σ, we fix the following standard notation:
• M = Hom(M, Z) is the dual lattice to N • N R and M R are the real vector spaces spanned by N and M , i.e. N R = N ⊗ Z R and M R = M ⊗ Z R • X = X Σ is the complex toric variety associated to Σ. It is naturally equipped with an action of the algebraic torus T = N ⊗ C * . We also use:
• We let T R denote the maximal compact subgroup of T . Thus
be the set of 1-dimensional cones in Σ, and let v i ∈ N be the generator of ρ i , i.e. ρ i ∩ N = Z ≥0 v i . Now we mention some basic facts about line bundles. For simplicity let us assume Σ is complete. Fix a total ordering C 1 , . . . , C v of the maximal cones in Σ. Since X Σ is complete, each C i corresponds to a T -fixed point x i ∈ X.
Definition 2.1 (twisted polytope). Let Σ be a complete fan. A twisted polytope for Σ is an ordered v-tuple χ = (χ 1 , . . . , χ v ) of elements of M with the property that for any 1 ≤ i ≤ v and 1 ≤ j ≤ v, the linear forms χ i , − and χ j , − agree when restricted to C i ∩ C j .
The terminology is motivated by [KT] .
Theorem 2.2. For each twisted polytope χ = (χ 1 , . . . , χ v ), there is up to isomorphism a unique line bundle O X (χ) with the property that the weight of T on the stalk over x i (a one-dimensional complex vector space) is χ i . O X (χ) is ample precisely when χ satisfy the following two conditions:
(1) The set {χ 1 , . . . , χ v } is strictly convex, in the sense that its convex hull is strictly larger than the convex hull of any subset {χ i1 , . . . ,
Proof. See [Ful, Chapter 3] .
Remark 2.3. Let us indicate the meaning of condition (2) in the theorem. By definition, a polytope is an intersection of half-spaces-one half-space for each topdimensional face of the polytope. At each vertex of this polytope, we may construct a cone by taking the intersection of only those half-spaces which contain the vertex (equivalently, only those half-spaces corresponding to a face incident with the vertex). Condition (2) states that the cone so obtained from the vertex χ i is some translate of the dual cone of C i .
Equivalence between categories of Θ-sheaves
In this section, we introduce a useful class {Θ(σ, χ)} of constructible sheaves on M R , and a corresponding class {Θ ′ (σ, χ)} of equivariant quasicoherent sheaves on X Σ , and show that the dg categories they generate are equivalent to each other. The objects are indexed by pairs (σ, χ) where σ is a cone and χ is a lattice pointthe set of such pairs has a natural preorder which induces the dg category structure on the objects Θ and Θ ′ .
3.1. The preordered set Σ × M . Recall that a preordered set P is a set with a transitive and reflexive binary operation ≤. That is, it is like a partially ordered set with the axiom that "a ≤ b and b ≤ a implies a = b" dropped. (1) Give the set Σ × M of ordered pairs (σ, χ) a preorder, by setting
(2) Let (Σ × M ) C be the C-linear category whose objects are the elements of Σ × M , with Hom (σ 1 , χ 1 ), (σ 2 , χ 2 ) a one-or zero-dimensional vector space depending on whether (σ 1 , χ 1 ) ≤ (σ 2 , χ 2 ), and with the evident composition rule. We will regard it as a dg category with the Hom complexes concentrated in degree zero.
Costandard sheaves on cones.
In this section we introduce the sheaves Θ(σ, χ), indexed by elements of Σ × M . They are costandard in the sense of [NZ] . (1) Let σ and τ be cones in N R , and φ, ψ ∈ M . Then
Proof. Clearly (2) is a consequence of (1). Let us prove (1) . By definition we have
By the standard adjunction this is isomorphic to
the sheaf cohomology above is isomorphic to the relative cohomology
Since σ ∨ and τ ∨ are convex, there are two possibilities. Either φ + σ ∨ ⊂ ψ + τ ∨ , in which case A is empty, or else A is contractible. This completes the proof.
3.3.
Standard equivariant quasicoherent sheaves on X Σ . In this section we introduce the sheaves Θ ′ (σ, χ), indexed by Σ × M . They are the coherent counterparts of the constructible sheaves Θ(σ, χ) defined in the previous section. Definition 3.5. For each cone σ ∈ Σ and each χ ∈ M , let j σ be the inclusion of X σ = SpecC[σ ∨ ∩M ] into X and let Θ ′ (σ, χ) be the equivariant quasicoherent sheaf j σ * O σ (χ) ∈ Ob(Q T (X)). Here, O σ (χ) denotes the structure sheaf on X σ , given the equivariant structure defined by the character χ : T → C * . Definition 3.6. Define Stand T (X Σ ) to be the full dg subcategory of Q T (X) formed by the Θ ′ (σ, χ).
Similar to the previous section, we have canonical inclusion maps Θ(σ, φ) ֒→ Θ(τ, ψ) whenever (φ, σ) ≤ (ψ, τ ), and this provides a dg functor (Σ×M ) C → Stand. We have the companion to Proposition 3.4: Proposition 3.7.
(1) Let σ and τ be two cones in Σ and let φ, ψ ∈ M . Then
where the Ext group is taken in the category of equivariant quasicoherent sheaves.
Proof. Again (2) follows from (1) . To prove (1), we proceed as in Proposition 3.4. The Ext group is isomorphic to Hom
) Since X τ is affine, this group vanishes when i = 0, as required. Let us consider the case i = 0.
Note that we have j
In that case we have
which is C whenever φ − ψ ∈ τ ∨ and 0 otherwise. This completes the proof. Remark 3.9. We will give alternative characterizations of the triangulated dg categories Θ and Θ ′ in Section 4.
We single out a particular equivalence between Θ and Θ ′ :
The shift by dim(M R ) is useful when considering functorial properties of this equivalence.
3.5.
Coherent-constructible dictionary-line bundles. Recall that Perf T (X Σ ) denotes the dg category of perfect complexes of T -equivariant coherent sheaves on X Σ . It is easy to see that Perf T (X Σ ) is contained in Θ ′ :
Proof. We just have to show that Perf T (X Σ ) belongs to the domain of κ-i.e. that Perf T (X Σ ) ⊂ Θ ′ . To do this it suffices to show that each equivariant vector bundle can be generated by the objects Θ ′ . Let E be such a vector bundle. Fix a total order on the set of maximal cones C 1 , . . . , C v , and put C i0···i
The length of this resolution is ≤ v, in particular it is bounded. Finally recall that on an affine toric variety every T -equivariant vector bundle is isomorphic to a sum of line bundles (necessarily of the form O σ (χ). This completes the proof.
Thus to each vector bundle we can associate a complex of sheaves on M R . For the rest of this section we assume that X is complete, and we investigate this association in more detail for line bundles.
Let us make the following notation.
where the differential is the alternating sum of inclusion maps. (We regard the initial term i0 Θ(C i0 , χ i0 ) as being the −dim(M R )th term of this cochain complex.) Theorem 3.13. Let X be a complete toric variety, and let P (χ) ∈ Sh(M R ) be as in the previous definition.
(
(2) Denote the convex hull of {χ 1 , . . . , χ v } by P and its interior by
to the costandard constructible sheaf on P • , shifted by dim(M R ).
Proof. (1) This follows immediately from the usualČech complex for O X (χ) discussed in the proof of Corollary 3.11.
(2) Let j denote the inclusion map
To show that it is a quasi-isomorphism it suffices to show that it is a quasi-isomorphism on stalks. That is, we have to show that for each
is acyclic when x is not in the interior of the convex hull of χ and concentrated in degree zero otherwise. Let ∆ be the combinatorial simplex on the numbers {1, . . . , v} and let K(x) be the subsimplicial complex given by
The cochain complex above is clearly isomorphic to the relative simplicial cochain complex of the pair (∆, K(x)). Thus the ith cohomology of the complex is the relative cohomology group H i (∆, K(x)). When x is in the interior of the convex hull, K(x) is empty, so we have H 0 = C and H i = 0 for i > 0 as required.
To complete the proof we have to show that the geometric realization |K(x)| is contractible when x is not in the interior of the convex hull. Note that K(x) is closely related to the union of faces of the convex hull which are "visible" from x. In fact {i 0 , . . . , i k } is a k-simplex in K(x) if and only if there is a line segment from x to a face of P containing χ i0 , · · · , χ i k that does not pass through any point of P • . Let us denote this union of faces by K ′ .
Note that there is an open cover of K ′ whose charts are the "stars" of the vertices belonging to K ′ . That is, the open subset of K ′ corresponding to the vertex w is the union of faces in K ′ which contain w. Then K(x) is precisely theČech nerve of this cover. Finally we have to show that K ′ is contractible-to see this note that it is homeomorphic to the projection of P onto any hyperplane lying between x and P, which will necessarily be convex and therefore contractible.
3.6. Coherent-constructible dictionary-functoriality and tensoriality. In this section we show that the equivalence κ between coherent and constructible sheaves intertwines with appropriate pull-back and and push-forward functors.
Let N 1 and N 2 be two lattices, let Σ 1 be a rational polyhedral fan in N 1,R and let Σ 2 be a rational polyhedral fan in N 2,R . For i = 1 or 2, write M i , M i;R , T i , X i , . . . for the lattice dual to N i , the real vector space dual to N i;R , the algebraic torus N i ⊗C * , the toric variety X Σi , etc. Finally write Θ i (resp. Θ ′ i ) for the subcategory of
Let us say that a map f :
• a map u f,σ1,σ2 : X σ1 → X σ2 for a pair of cones σ 1 , σ 2 as above. (As usual X σ denotes the affine T -invariant chart of X corresponding to the cone σ)
More straightforwardly, a fan-preserving map induces a map of real vector spaces M 2,R → M 1,R ; we will denote this map by v = v f .
. Suppose that f furthermore satisfies the following conditions:
(1) the inverse image of any cone σ 2 ⊂ Σ 2 is a union of cones in Σ 1 . (For instance, if both fans are complete then f automatically satisfies this condition.) (2) f is injective. Let u and v be as above. Then
(3) The following square of functors commutes up to natural isomorphism:
(1) The theorem holds even if f is not injective, but we do not include a proof here for space reasons.
(2) In the larger categories Q and Sh c , the functors u * and v ! have right adjoints u * and v ! . However these adjoint functors do not usually preserve the categories Θ ′ and Θ ; we therefore do not understand very well how κ, u * , and v ! interact.
Proof. For each cone σ 2 ∈ Σ 2 , we have a cartesian square
The vertical arrows are open inclusions, so by the flat base change formula we have
. This object is generated by standards because O(χ 1 ) on u −1 (X σ2 ) is generated by standards, which proves the first assertion.
More specifically, we have aČech resolution of j u −1 (Xσ 2 ) * O(χ 1 ). Fix a total order on the set of maximal cones B 1 , . . . , B w contained in f −1 (σ 2 ), and put B i0.
After Theorem 3.8, the second and third assertions follow from the commutativity of the following diagram:
, a standard argument shows that it suffices to construct ι on Stand T2 (X 2 ) in the following sense. That is, we have to construct a map
which is a quasi-isomorphism, and which makes the following square commute
to be the morphism of complexes:
the nonzero vertical arrow is the direct sum of the maps induced by the inclusion of open sets
This map clearly has the desired naturality property. It remains to show that it is a quasi-isomorphism. We do this at the level of stalks, following the proof of part (3) of Theorem 3.13. We have to show that for each point a ∈ M 1,R , the cohomology of the chain complex
, and zero otherwise. By replacing a by a − χ 1 if necessary, we may assume that χ 1 = 0. Let ∆ be the combinatorial simplex on the numbers {1, . . . , w} and let K(a) be the subsimplicial complex given by
The cochain complex of stalks at a is isomorphic to the relative simplicial complex of the pair (∆, K(a)), shifted by dim(M 1,R ). When a ∈ (v(σ ∨ 2 )) • , K(a) is empty so we have H 0 = C and H i = 0 for i > 0 as required.
To complete the proof we have to show that the geometric realization |K(a)| is contractible when a is not in (v(σ ∨ 2 )) • . Let E be the union of the interiors of those cones in f −1 (σ 2 ) that do not lie entirely in a −1 (R >0 ). (Here we are regarding a as a linear function on Recall that the convolution of two sheaves F and G on a vector space M R is given by the formula F ⋆G = v ! (F ⊠G), where v denotes the addition map as in the example. Convolution defines a tensor structure on Sh(M R ) and various subcategories, including Θ and Sh cc (M R ). From Example 3.18 we see the following Corollary 3.19 (tensoriality). For any fan Σ ⊂ N R , the equivalence κ : Θ ′ ∼ → Θ is an equivalence of tensor categories, where the tensor structure on Θ ′ is given by the usual tensor product of quasicoherent sheaves, and the tensor structure on Θ is given by convolution.
We are grateful to Zhiwei Yun for suggesting this statement to us.
Proof. We have a natural isomorphism F ⊗ G ∼ = u * (F ⊠ G), and the convolution product κ(F ) ⋆ κ(G) = v ! (κ(F ) ⊠ κ(G)) by definition. After Theorem 3.14 (functoriality) it suffices to construct a natural isomorphism
We may assume that F is of the form Θ ′ (σ, χ) and G is of the form Θ ′ (τ, ψ). But in that case it is easy to construct natural isomorphisms
, which completes the proof. Remark 3.20 . Recall that tensor structures on dg categories have a hierarchy of commutativity constraints E 2 , E 3 , . . . , E ∞ . By applying Theorem 3.14 (functoriality) to more general diagonal maps such as X → X ×X ×X and to the permutation maps X× n · · · ×X → X× n · · · ×X, it can be shown that κ is an equivalence of E ∞tensor structures. We do not pursue this here.
Intrinsic characterizations of the Θ-categories
Let Σ, X Σ , and M R be as before-i.e. Σ ⊂ N R is a fan, X Σ is the associated toric variety, and M R the dual vector space to N R . In the previous section we have given an equivalence κ between a certain dg category of quasicoherent sheaves on X Σ -which we have called Θ ′ -and a certain category of constructible sheaves on the real vector space M R -which we have called Θ . The categories Θ and Θ ′ are defined by their set of generating objects {Θ(σ, χ)} σ∈Σ,χ∈M and {Θ ′ (σ, χ)} σ∈Σ,χ∈M . In this section we give a definition of these categories that does not rely on generators-i.e. an "intrinsic characterization" of these categories. 4.1. Shard arrangements. 
For example, we have Sh cc (M R ; Λ Σ ) ⊂ Shard(M R ; Σ). More generally the sheaves Θ(σ, χ) belong to Shard(M R ; Σ):
is given by the following:
Now we come to the main theorem of this section:
Theorem 4.5. The dg category Shard(M R ; Σ) is quasi-equivalent to Θ . In other words, every shard sheaf is quasi-isomorphic to a bounded complex of the form
where each sum is finite.
We will prove this theorem by induction on the "height" of a sheaf-that is, the supremum over x ∈ M R of the dimension of the singular support of F at x.
More generally, define the height of F at a point x ∈ M R to be the dimension of the singular support of F at x, and the height of F to be the supremum of the heights of F at points in M R . (iii) If F has height h and σ is an h-dimensional cone of Σ, define the σ-support of F to be the union of those sets of the form (χ + σ ⊥ ) × −σ contained in ΣS (F ).
Next we prove some results to prepare for the proof of Theorem 4.5. 
is contained in the σ-support of F .
Proof. By Proposition 4.4,
where σ is the only h-dimensional cone in the above union. So the following are true: (3) and (a ′ ). Part (b) follows from (b ′ ).
A microlocal Morse lemma for non-proper functions.
Let V be a real vector space. Let us say that a Whitney stratification S of V is tame at infinity if for some (and hence every) compactification (V , ∂V ) of V , there is a Whitney stratification of V that restricts to S on V . Let us say that a sheaf on V is tame at infinity if it is constructible with respect to a Whitney stratification that is tame at infinity. 
Proof. The conclusion is that of the microlocal Morse lemma [KS, Corollary 5.4.19 (i) ], but our hypotheses are not strong enough to apply this result directly. There are two problems: one is that we do not assume that η is proper on the support of G, and the other is that we are trying to conclude something about Γ(V ; G) = Γ(η −1 (−∞, ∞)) rather than Γ(η −1 (−∞, b)) for some finite b > a. We settle both of these issues by compactifying V in an appropriate way.
Choose coordinates so that V ∼ = R n−1 × R and so that η is the projection of V onto the factor of R. 1] denote the image of a under this diffeomorphism, and let b be a finite real number greater than 1.
Since V is compact, we may apply the microlocal Morse lemma exactly as stated in loc. cit., provided that SS(j * G) does not contain any points of the form (x, dη ′ x ). Note that dη ′
x is a positive multiple of η for every x, and since SS(j * G) is R >0conical it is enough to show that for all x with η ′ (x) > a ′ , we have (x, η) / ∈ SS(j * G). Let us apply the formula of Schmid-Vilonen. If m is a nonnegative smooth function on V whose zero set is ∂V then we have
Thus it suffices to show that (x, η) / ∈ lim ǫ→0+ (ǫΓ d log m ) whenever η(x) ≥ a. But (x, θ) ∈ lim ǫ→0+ (ǫΓ d log m ) only if θ is nonnegative on the cone of tangent vectors that point into V , and η is negative on some of these vectors when η(x) = −∞. Θ(σ, χ) ). The proof of Theorem 4.5 depends on the following property of the sheaf of homomorphisms hom(F, Θ(σ, χ)). Proposition 4.9.
Microlocal properties of hom(−,
(1) Let F be a shard sheaf on M R of height h, and let σ ∈ Σ be an h-dimensional cone. Let hom(F, Θ(σ, χ)) ∈ Sh c (M R ) be the sheaf of homomorphisms from F to Θ(σ, χ). Let x ∈ χ + σ ⊥ and let η be an element of the interior of σ. The natural map (Here (−) x denotes the stalk of the sheaf at x, µ x,−η denotes the microlocal stalk at (x, −η) ∈ T * M R , and (−) * denotes the chain complex of dual vector spaces).
(2) Suppose F is a shard sheaf of height h. Let σ be an h-dimensional cone in Σ, and η an element in σ Proof. We first prove assertion (1) . Let ψ x F be the deformation of F to the "normal cone" (i.e. tangent space) of x ∈ M R . We may regard ψ x F as another sheaf on M R ; it is moreover constant along the rays R >0 v for each v ∈ M R . Since F and Θ(σ, χ) are polyhedral (i.e. constructible with respect to a polyhedral stratification of M R ), we have a quasi-isomorphism
Let F T be the Fourier transform functor from R >0 -equivariant sheaves on M R to R >0 -equivariant sheaves on N R . Note that we have the following formula (3) follows from assertion (1) by induction on height. Let us now prove assertion (2). We want to compute the support of F T (ψ x (hom(F, Θ(σ, χ)))). Since all sheaves that appear are polyhedral, we have ψ x (hom(F, Θ(σ, χ))) = hom ψ x F, ψ x (Θ(σ, χ) ) .
The height of ψ x (F ) is still h, and we have
The sheaf F T (ψ x (F )) on N R is constructible with respect to the stratification by cones in the fan −Σ. We may therefore reduce to the case where F T (ψ x (F )) is of the form j −υ * C, and υ = σ. In that case ψ
This completes the proof. 
Proof. For each χ, let hom(F, Θ(σ, χ)) ∈ Sh c (M R ) denote the sheaf of homomorphisms from F to Θ(σ, χ).
Step 1: We will prove the following claim: there exists a χ with (χ + σ ⊥ ) × −σ ⊂ SS (F ) and with the further property that for any (x, η) with x ∈ χ + (σ ∨ − σ ⊥ ) and η ∈ σ • , we have (x, η) / ∈ SS (hom(F, Θ(σ, χ))).
Since F is a shard sheaf, −ΣS (F ) (the reflection of ΣS (F ) across M R × {0} ⊂ M R × N R ) is a union of finitely many sets of the form (ξ + τ ⊥ ) × τ . It is convenient to group these in the following way:
where τ j = σ for any j. Let (χ, σ) be a maximal element among the (χ 1 , σ), . . . , (χ n , σ) with respect the preorder defined in Definition 3.1 (1), so that
By Proposition 4.9, since ( Θ(σ, χ) ). This completes step 1.
Step 2: Let (χ, σ) be as in step 1. Let η ∈ σ • , and regard η as a real-valued function on M R . Then dη(
By the microlocal Morse lemma [KS, Corollary 5.4.19 (i) ], or rather the extension Lemma 4.8, the map
or equivalently the map
is a quasi-isomorphism for all t > η(χ). Moreover, by Proposition 4.9, when t is sufficiently close to η(χ) (and t > η(χ)) this is quasi-isomorphic to µ (χ,−η) (F ) * , the dual vector space to the micro-local stalk of F at (χ, −η) ∈ T * M R .
Step 3: Let C • be the dual chain complex of hom (F, Θ(σ, χ) ). The natural evaluation map F ⊗ hom(F, Θ(σ, χ)) → Θ(σ, χ) induces a map F → C • ⊗ Θ(σ, χ). By the previous two steps the map F → C • ⊗ Θ(σ, χ) induces an isomorphism on the microlocal stalk at (χ, −η). Thus the microlocal stalk of Cone(F → C • ⊗ Θ(σ, χ)) at (χ, −η) vanishes for all η ∈ σ • . It follows that (χ + σ ⊥ ) × −σ cannot belong to the singular support of Cone(F → C • ⊗ Θ(σ, χ)). Theorem 4.5 . Let F be a shard sheaf of height h, and let m be the number of components of ΣS (F ) of the form (χ + σ ⊥ ) × −σ, where σ is hdimensional. Lemma 4.10 and Proposition 4.7 allow us to reduce by induction to the case where h = 0 and m = 1. But in that case SS (F ) is the zero section of T * M R and F is constant. We conclude the proof by noting that Θ(0, χ) is exactly the constant sheaf.
Proof of

4.2.
Quasicoherent sheaves with finite fibers. Recall that in the theory of coherent (and quasicoherent) sheaves we make a distinction between the stalk and the fiber of a sheaf of O-modules at a point. The former is a module over a local ring O x , and thus usually infinite-dimensional, and the latter is a vector space over the field O x /m x , where m x is the maximal ideal in O x . The condition that the fibers of a quasi-coherent sheaf F be finite-dimensional is a finiteness condition that is actually a little weaker than coherence. For instance, the fibers of the quasicoherent sheaves Θ ′ (σ, χ) on X Σ are zero-dimensional outside of X σ . We make the following definition:
Definition 4.11. A quasicoherent sheaf (or complex of sheaves) on a scheme X has finite fibers if for each closed point x ∈ X we have
If there is a group action on X then we say that an equivariant quasicoherent sheaf has finite fibers if the underlying non-equivariant sheaf has finite fibers.
Remarks 4.12.
(1) If X has singularities, the latter condition is not satisfied by all coherent sheaves. However it is satisfied by all vector bundles and perfect complexes.
(2) It follows from the adjunction formula
that F has finite fibers if and only if Ext i (F , O x /m x ) is finite-dimensional for all i and vanishes for almost all i.
The sheaves Θ ′ (σ, χ) on X Σ have finite fibers. Our goal in this section is to prove that they generate the full triangulated subcategory Q fin T (X) ⊂ Q T (X) of equivariant quasicoherent sheaves with finite fibers. (We are grateful to Bhargav Bhatt for suggesting this result to us.) Theorem 4.13. Let X Σ be any toric variety. The category Θ ′ is equivalent to Q fin T (X Σ ). Proof. We will model the proof after the proof of Theorem 4.5. For each cone σ, let O σ ⊂ X σ ⊂ X be the corresponding T -orbit, and let T σ denote the isotropy subgroup of T along O σ . Let us introduce a quasicoherent sheaf
where O Oσ (χ) denotes the structure sheaf of O σ equipped with the T -equivariant structure given by the character χ of T . We have a natural map
Define the height of F to be the maximum dimension of a cone σ such that (σ, χ) ∈ ΣS q (F ) for some χ. Let us make the following claim, which is analogous to Lemma 4.10: if F ∈ Q fin T (X) is of height h, and σ is an h-dimensional cone appearing in ΣS q (F ), then there exists a complex of vector spaces C • , a lattice vector χ ∈ M , and a map F → C χ) ). In that case, by following Section 4.1.4, we may conclude that F belongs to Θ ′ so long as ΣS q (F )/ ≃ is a finite set, where ≃ denotes the natural equivalence relation induced by the preorder on Σ × M . But this condition is equivalent to having finite fibers by Remark 4.12.
Let us prove the claim. Pick χ so that (σ, χ) is maximal among elements of ΣS q (F ). Then put C • = hom(F , Θ ′ (σ, χ)) * and let F → C • ⊗ Θ ′ (σ, χ) be the map induced by evaluation. Since hom(Θ ′ (σ, χ), θ ′ (σ, χ)) = C, applying the functor hom(−, θ ′ (σ, χ)) to this map yields hom(F , Θ ′ (σ, χ)) → hom(F , θ ′ (σ, χ))
We have to show that this map is a quasi-isomorphism. By the adjunction between j * σ and j σ * this morphism is equivalent to
We may regard F | Xσ as a complex of M -graded C[σ ∨ ∩ M ]-module. By taking resolutions, we may assume that F | Xσ is a complex of free modules (possibly of infinite rank), so that each term is of the form i∈I O(ξ i ), and ξ i is not greater than χ in the preorder defined by σ ∨ . We are reduced to showing that 
Main theorem-third version: perfect complexes and compact support
In this short section we prove the third version of our main theorem-that for any complete toric variety, we have a quasi-equivalence of dg tensor categories
We will make use of the following elementary proposition: Proof. As in the proof of Proposition 4.9, we reduce to the case where x = ψ = φ = 0, by passing to the deformation-to-the-normal-cone at x. We have
This completes the proof.
Theorem 5.2. Suppose that X Σ is a complete toric variety. Then κ restricts to a quasi-equivalence of dg tensor categories Perf T (X Σ ) ∼ = Sh cc (M R ; Λ Σ ).
Proof. Let us first show that κ carries Perf T (X) into Sh cc (M R ; Λ Σ ). We have to show that if E is an equivariant vector bundle on X, then κ(E) has compact support. By passing to a resolution of singularities, it suffices (after Example 3.17) to assume that X is smooth. Similarly by Chow's lemma for toric varieties, we may furthermore assume X is projective. But by Theorem 7.12, E is quasi-isomorphic to a bounded chain complex whose terms are finite sums of ample line bundles. From Theorem 3.13, we conclude that the support κ(E) is bounded.
It is clear from our earlier results that κ : Perf T (X Σ ) → Sh cc (M R ; Λ Σ ) is fully faithful and tensorial. To complete the proof of the theorem it remains to show that κ is essentially surjective.
Suppose F is a sheaf on M R with singular support in Λ Σ . Suppose furthermore that F has compact support. Then F is a shard sheaf, so there is a quasicoherent sheaf G ∈ Θ ′ with κ(G) ∼ = F . We need to show that G is perfect. For this it suffices to show that G| Xσ is perfect for every maximal cone σ ∈ Σ, or equivalently that G ′ := j σ * j * σ G is quasi-isomorphic to a complex of the form
(this complex could, a priori, contain terms of the form Θ ′ (τ, χ) for τ σ).
By the universal property of the map G → G ′ , what we want to show is equivalent to the following: there exists a bounded complex F ′ of the form
is a quasi-isomorphism for all φ ∈ M and all faces τ ⊂ σ.
Let us define F ′ and F → F ′ to be such that F ′′ = Cone(F → F ′ ) does not contain any set of the form (χ + σ ⊥ ) × −σ in its singular support. Such a map F → F ′ can be constructed by repeated applications of Lemma 4.10. We have the following properties of F ′′ :
• The support of F ′′ is contained in some translate of σ ∨ ;
• For any η ∈ σ • , x ∈ M R , and τ σ, we have (x, η) / ∈ SS (hom(F ′′ , Θ(τ, φ))).
The first property follows from the fact that F has compact support and F ′ is generated by sheaves of the form Θ(σ, −). The second property follows from the fact that, after Theorem 4.5, F ′′ is generated by sheaves of the form Θ(υ, φ), υ = σ, and Proposition 5.1. But then by the microlocal Morse lemma (Lemma 4.8), the map
is a quasi-isomorphism for all a ∈ R and all τ σ, φ ∈ M . For a ≪ 0, F ′′ | η −1 (−∞,a) = 0, so we must have hom(F ′′ , Θ(τ, φ)) = 0. From the exact triangle hom(F ′′ , Θ(τ, φ)) → hom(F ′ , Θ(τ, φ)) → hom(F, Θ(τ, φ)) → and the vanishing of the first term we conclude that hom(F ′ , Θ(τ, φ)) → hom(F, Θ(τ, φ)) is a quasi-isomorphism. This completes the proof.
Remark 5.3. There exist complete toric varieties (necessarily neither smooth nor projective) for which it is unknown whether Perf T (X Σ ) contains any nontrivial objects at all [P] . For such toric varieties it appears to be just as difficult to construct objects of Sh cc (M R , Λ Σ ).
T-duality
In this section, we perform an equivariant version of T-duality. We assume X Σ is a projective, smooth toric variety. 6.1. The T-dual Lagrangian of an equivariant Hermitian line bundle. Let ρ 1 , . . . , ρ r be the 1-dimensional cones in the fan Σ. Let D i be the codimension 1 T orbit closure associated to ρ i , so that D i is a T -divisor of X Σ , and Note that the (0, 1)-form A 0,1 and the purely imaginary 1-form α do not depend on the choice of s. The function s 2 h is T R -invariant, so it depends on r i (y i ) but not on θ i . We have
Let y = (y 1 , . . . , y n ), and let f h (y) = − 1 2 log( s 2 h ) = − log s h . Then
We now T-dualize following [AP, LYZ] . Specifically, the data of a Lagrangian section of the dual torus fibration T ∨ R ×N R → N R (projection to the second factor) is equated with a T R -invariant U (1)-connection on the torus fibration p 2 : T R × N R → N R (projection to the second factor). The restriction of α to a fiber p −1 2 (y) ∼ = T R is a harmonic 1-form on the torus p −1 2 (y), which can be viewed as an element in
.
In terms of the coordinates γ j on M R and y j on N R , L c,h is given by
Since N R and M R are dual real vector spaces, we have
We Then ω h := √ −1F h is a real, T R -invariant, closed 2-form on X Σ . It is a presymplectic form in the sense of [KT] . Let Φ h : X Σ → M R be a moment map defined by ω h , so that
So we may take Φ h (y, θ) = ( ∂f h (y) ∂y 1 , . . . , ∂f h (y) ∂y n )
Define new coordinates x j = γj 2π on M R , so that M ⊂ M R is given by x j ∈ Z. Then the Lagrangian L c,h is given by Karshon-Tolman [KT] . More explicitly, let x 1 , . . . , x v be the T fixed points in X Σ corresponding to the n-dimensional cones C 1 , . . . , C v . Then χ k := Φ h (x k ) ∈ M , and the twisted polytope (see Definition 2.1) corresponding to the T -equivariant line bundle
Ample line bundles and their inverses.
The Lagrangians we employ in constructing our functor will ultimately come from ample and anti-ample line bundles.
The vertices of △ c are χ k = Φ h (x k ), where x 1 , . . . , x v are the T fixed points in X Σ . Note that Φ h depends on h but △ c = Φ h (X Σ ) does not. Φ h restricts to a homeomorphism (X Σ ) ≥0 → △ c , and Φ h •j 0 : N R → M R maps N R diffeomorphically to △ • c , the interior of the moment polytope △ c ⊂ M R . Let Ψ h : N R → △ • c be this diffeomorphism. Then L c,h can be rewritten as a graph over △ • c :
In Section 6.1, we showed that L c,h is an exact Lagrangian submanifold of (T * M R , ω ∨ ). So there exists a function f * h : △ • c → R, unique up to addition of a constant r ∈ R, such that Ψ −1 h (x) = df * h (x). Indeed f * h : △ • c → R can be chosen to be the Legendre transform of f h : N R → R. More explicitly, let , : M R × N R → R be the natural pairing. Then
We now consider the Hermitian line bundle
Summarizing, from an ample Hermitian line bundle (O XΣ (D c ), h) we have constructed an exact Lagrangian L c,h ⊂ T * M R , which is a graph over the interior △ • c of a convex polytope △ c . Similarly, the anti-ample Hermitian line bundle
gives rise to a Lagrangian L − c,h −1 , as a graph over △ • − c . We will want to consider these Lagrangians as objects of a Fukaya category of T * M R . We next describe this category and prove that L c,h and L − c,h −1 are objects.
The Fukaya category of the cotangent bundle
In this section, we review the definition of the Fukaya category of a cotangent bundle, following [NZ] and [Na] , and prove that L c,h and L − c,h −1 (defined in Section 6.2.2 above) both define branes, i.e. objects of the Fukaya category of T * M R . Under the equivalence found in [NZ, Na] between this Fukaya category and the category of constructible sheaves, we show that L − c,h −1 corresponds to a standard object on △ • − c , while L c,h corresponds to a costandard object on △ • c . We prove that the costandards on polytopes in fact generate Sh cc,ΛΣ (M R ), which therefore characterizes the image (in constructible sheaves) of the T-duality functor. 7.1. Review of the unwrapped Fukaya category. The Fukaya category of the cotangent T * X of a compact real analytic manifold X was discussed in [NZ] . Here we review just some relevant aspects, including the role of infinity.
Let X be a real analytic manifold equipped with a Riemannian metric g. Let π : T * X → X be the cotangent bundle of X. Define the closed unit disc bundle to be D * X = {(x, ξ) ∈ T * X | ξ ≤ 1} ⊂ T * X, and define the unit sphere bundle to be
We may think D * X as a compactification of T * X as the following compactification map (6) ι :
We denote S * X by T ∞ X because it is the "infinity" part of T * X under this compactification, while D * X is denoted by T * X for it is the "compactification" of T * X.
In [NZ] , where compactness of the moduli space of holomorphic polygons was addressed, the base space X was compact. In the present setting, we will consider X = M R , which is not compact. Let e 1 , . . . , e n be a Z-basis of the lattice N , and let e * 1 , . . . , e * n be the dual Z-basis of M . We define an inner product on the real vector space M R = ⊕ n j=1 Re * j such that {e * 1 , . . . , e * n } is an orthonormal basis. This defines a flat metric on M R , which induces an inner product on the real vector bundle
To avoid the minor complication of dealing a noncompact base X = M R , we require that a geometric object has compact horizontal support. 5 That is, L ⊂ T * M R defines an object of the (triangulated envelope of the) Fukaya category if π(L) ⊂ M R is compact and the usual other conditions are satisfied: L is an exact Lagrangian submanifold of T * M R ; ι(L) is a C-set of D * X; 6 and L is equipped with a brane structure (see [NZ] ). Under these conditions, morphisms are well-defined for the following reason. If L = (L 1 , ..., L k ) is a finite collection of Lagrangian objects with compact horizontal support, then there exists a sublattice Ξ ⊂ M of finite index d, and all morphisms can be computed in the cotangent of the compact torus M R /Ξ (a degree d cover of the torus M R /M ) and lifted to T * M R = N R × M Rsee Section 5.3 of [Na] for details. 7 Holomorphicity is preserved by the lift since the quotient by Ξ is a local isomorphism of the Kähler structure. We denote this Fukaya (A ∞ -pre-) category by F uk(T * M R ).
Standard and costandard objects. The Lagrangian
In this section, we relate L − c,h −1 to the Fukaya objects associated to the standard sheaf on this set. Using a duality functor from [Na] , we further relate L c,h to the costandard sheaf on the set △ • c . Let X be a real analytic manifold. There is a class of distinguished branes in F uk(T * X) called standard branes or standard Lagrangians. For any submanifold Y ⊂ X, fix a nonnegative C-function m : X → R that vanishes precisely on the boundary ∂Y ⊂ X, and consider f : Y → R given by f = log m. Define the standard Lagrangian L Y,f * ⊂ T * X to be the fiberwise sum
There is a canonical brane structure on this Lagrangian (Section 5.3 of [NZ] ). This definition does not depend on m because branes from different defining functions turn out to be quasi-equivalent. Let α be a diffeomorphism on M R × N R given by α(x, y) = (x, −y). A costandard brane or costandard Lagrangian L is a Lagrangian (or brane, when considering the data for branes) if and only if α(L) is a standard brane.
Although [NZ] requires X to be compact, this is not an issue in the present setting if we require objects in F uk(T * M R ) to have compact horizontal support, as discussed above. The microlocalization functor of [NZ] defines an embedding µ : D cc (X) → DF uk(T * X). For any analytical submanifold i : Y ֒→ X, the functor µ takes the standard constructible sheaf i * C Y to the standard brane on Y in F uk(T * X). This functor also takes the costandard constructible sheaf i ! ω Y to the costandard brane on Y . We state the result from [NZ] and [Na] as a theorem.
Theorem 7.1. There is a quasi-equivalence functor µ : Sh cc (M R ) → T rF uk(T * M R ). For any analytical submanifold U ⊂ M R , µ takes the standard constructible sheaf i * C U to the standard brane on U . It also takes the costandard constructible sheaf i ! (ω U ) to the costandard brane on U . This functor allows a quasi-inverse µ −1 :
Sometimes we also regard µ as an embedding functor of derived categories µ :
The condition of compact horizontal support can be dropped for a single given object, as one can define the Yoneda image by analyzing hom's against objects with compact horizontal support-see [Na2] . 7.3. T-dual Lagrangians are branes. In this section, we study the behavior of T-dual Lagrangians on the compactification D * M R = T * M R in the cotangent.
We will show that Lagrangians L − c,h −1 from anti-ample line bundles are branes (Proposition 7.4); as an immediate consequence, Lagrangians L c,h from ample line bundles are also branes (Corollary 7.5).
In this section, we use the notation in Appendix A.
In particular, U τ,± c are contractible open subsets of an affine subspace of M R , and
Given a d-dimensional cone τ ∈ Σ, F τ,± c is an (n − d)-dimensional face of the convex polytope △ ± c ⊂ M R , and
Let N τ be the rank d sublattice of N generated by τ ∩N , and let (N τ ) R = N τ ⊗ R ∼ = R d . Let w 1 , . . . , w d be defined as in Appendix A, so that
Each F τ,± c × (−τ ) is a closed subanalytic subset of T * M R .
Let ι : T * M R → D * M R be defined as in (6) . Define
We now introduce an analytic-geometric category. (See Appendix B for a brief review of analytic-geometric categories.)
Let C be the smallest analytic-geometric category such that (i) C an ⊂ C, and (ii) f is a C-map.
Remark 7.3. Let f be defined by (7). Then
•
Proposition 7.4 (T-dual Lagrangians from anti-ample line bundles are branes). Proof. See Appendix B.
Since the involution
is a C-isomorphism, we have: In this section, we study the normalized geodesic flow on our T-dual Lagrangians. This flow is used to define hom's in the Fukaya category. Knowing the behavior at infinity allows us to conclude that the T-dual Lagrangians from anti-ample bundles are standard branes on the interior of polytopes. We then argue using Nadler's duality functor α to show that T-dual Lagrangians from ample line bundles are costandard branes.
7.4.1. Normalized geodesic flow. The inner product on N R induces a linear isomorphism I : N R → M R given by y → n j=1 e * j , y e * j . In particular, I(e i ) = e * i , so I is an isometry. Define y * = I(y).
Given any x ∈ M R we may write
x j e * j , x 1 , . . . , x n ∈ R.
So (x 1 , . . . , x n ) are global coordinates on M R , and the flat metric on M R is given by g = n j=1 dx 2 j . For any x ∈ M R , we have isomorphisms
x j e * j , n j=1 y j dx j ).
So (x 1 , . . . , x n , y 1 , . . . , y n ) are global coordinates on T * M R . Given a vector space V , let V 0 = V \ {0}; given a vector bundle E, let E 0 denote the complement of the zero section. The normalized geodesic flow on (T * M R ) 0 ∼ = (T M R ) 0 is given by
Lemma 7.6. Given any q ∈ ∂△ − c , there exists δ > 0 such that
Proof. We use the notation in Section 7.3.
The right hand side is a disjoint union. Let Σ(d) be the set of d-dimensional cones in Σ.
Step 1. q ∈ ∂△ − c , so there exists a unique d > 0 and a unique τ ∈ Σ
There exists σ ∈ Σ(n) such that τ ⊂ σ. Let w j be defined as in the proof of Proposition 7.4 (see Appendix B).
The holomorphic coordinates of X σ = SpecC[σ ∨ ∩ M ] ∼ = C n are Z j = χ w ∨ j , j = 1, . . . , n. There exist b d+1 , . . . , b n ∈ R such that the coordinates of x ∈ U σ are given by
Step 2. For any r > 0, define
There exists c ∈ (0, 1) such that for all r > 0,
Let R = max{|b d+1 |, . . . , |b n |} + 1. Note that x is contained in (see Section A for definitions)
Recall that j 0 : N R → U σ is given by n j=1 r j w j → (e r1 , . . . , e rn ), so j −1 0 (U ) = {r 1 w 1 + · · · r n w n | r 1 , . . . , r d < −2c −2 R, r d+1 , . . . , r d+n ∈ (−R,
Step 3. −Φ h maps X + τ homeomorphically to −Φ h (X + τ ), so there exists δ > 0 such that B(q, δ) := {m ∈ M R | |m − q| M R < δ} ⊂ −Φ h (U ). Claim: For any y ∈ (N R ) 0 and 0 ≤ t 1 ≤ t 2 < δ, (8) does not hold. Therefore
On the other hand
Case 2. j 0 (y) ∈ U . We have y = r 1 w 1 + · · · + r n w n , r 1 , . . . , r d < −2c −2 R, r d+1 , . . . , r n ∈ (−R, R).
Let y 1 = r 1 w 1 + · · · + r d w d and y 2 = r d+1 w d+1 + · · · r d+1 w d . Then
Therefore,
Let (v 1 , v 2 ) N R denote the inner product on N R , so that
On the other hand,
So we have
Equations (10) and (11) imply
Combining (9) and (12), we see that 
In particular, when t = 1, one arrives at △ • − c . We can equip △ • − c with the grading 0. Because △ • − c is canonically Hamiltonian isotopic to L − c,h −1 , there is a canonical grading for L − c,h −1 . As for the Pin-structure, since L − c,h −1 is contractible it has a trivial Pin-structure. Therefore we obtain a canonical brane structure on L − c,h −1 .
Define the A ∞ category F as a full subcategory of F uk(M R ) consisting of objects L − c,h −1 for all T-equivariant anti-ample line bundles O XΣ (−D c ).
We have already seen that each Lagrangian in F is a graph over some open set △ • − c . In order to apply Theorem 7.1 to pass to the setting of constructible sheaves and do explicit computations, we will establish in this section that each brane L − c,h −1 is isomorphic to a standard Lagrangian over △
by proving, following [Na] , that the two objects define isomorphic modules under the Yoneda embedding
. The technique of [Na] exploits the triangulation to resolve the diagonal standard, i.e. the identity functor. What emerges is that the Yoneda module of any object Y(L) is expressed in terms of (sums and cones of shifts of) Yoneda modules from standards, Y(µ(i * C T )), where T ∈ T . The coefficient of the Yoneda standard module Y(µ(i * C T )), takes the form hom DF uk(T * M R ) (L {t} * , L), where t is any point in T (contractibility of T means that the choice is irrelevant up to isomorphism)-see Remark 4.5.1 of [Na] .
We now apply this to
. Note that the result is independent of how T was chosen.
The map α : (x, y) → (x, −y) gives rise to a duality functor (still denoted by α)
The functor α sends a Lagrangian brane L to α(L). It is proved in Section 5.1 of [Na] (Proposition 5.1.1) that there is a functor quasi-isomorphism
Define another functor ν : F uk(T * M R ) → F uk(T * M R ) given by the map
The functor ν maps any standard brane L(U ) over the submanifold U ֒→ M R to the standard brane L(−U ) over −U . Let R be the induced push-forward on Sh c (M R ) given by the map x → −x. It is obvious that there is an isomorphism of functors:
. It is easy to see that α(ν(L − c,h −1 )) = L c,h . Therefore we have
Recall that the conical Lagrangian Λ Σ is the sum of all shard arrangements
We have the following lemma characterizing Λ Σ from the viewpoint of ample divisors.
Lemma 7.8.
In particular,
Proof. From the definitions, it suffices to prove that, for any τ ∈ Σ,
Given τ ∈ Σ(d), where 0 ≤ d ≤ n, there exist σ ∈ Σ(n) such that τ ⊂ σ. Let w j be defined as in the proof of Proposition 7.4 (see Appendix B).
{w 1 , . . . , w n } is a Z-basis of the lattice N , so for any integers l 1 , . . . , l n , there exists unique m ∈ M such that m, w i = l i for i = 1, . . . , n. Given l = (l 1 , . . . ,
Then
F σ, c is a vertex of the convex polytope △ c ⊂ M R . There exists an ample D c such that F σ, c = 0 ∈ M . Let B(0, δ) denote the ball of radius δ > 0, centered at 0 in M R . Then there exists δ > 0 such that
Then there exists a positive integer k > 0 such that V ⊂ F τ,k c . Given m ∈ M , let c(m) = ( m, v 1 , . . . , m, v r ). Then for any m ∈ M , D k c+ c(m) is ample, so
It is easy to check that Proof. We just proved that the Lagrangian objects L c,h are isomorphic to costandard objects on the interior, i ! ω △ • c , which is a sheaf with compact support. We now show that these sheaves have singular support contained in Λ Σ .
The singular support of a costandard sheaf on an open subspace U ⊂ X of a manifold was computed by Schmid-Vilonen [SV] to be lim ǫ→0 Proof. This follows from the fact that the singular support of the triangulated category generated by a collection of sheaves is the union of their singular supports.
In the next section, we prove that the costandards on polytopes in fact generate Sh cc (M R ; Λ Σ ), which therefore characterizes the image (in constructible sheaves) of the T-duality functor. 7.5. Generating sets of line bundles. The Lagrangians that generate our Fukaya category are T-dual to equivariant ample line bundles. In this section we will show that such line bundles also generate the category of equivariant coherent sheaves. The theorem we are after is a slight generalization of a theorem of Seidel:
Theorem 7.11 (Seidel). If X is smooth and projective, then Perf T (X) is generated by line bundles.
Proof. See [Ab2, Proposition 1.3] .
The stronger version we prove is the following:
Theorem 7.12. If X is smooth and projective, then Perf T (X) is generated by T -equivariant ample line bundles.
Proof. Let A be the full triangulated dg sub-category of Perf T (X) generated by Tequivariant ample line bundles. We need to show that A = Perf T (X). We may see that A is a full, dense triangulated subcategory of Perf T (X) by the same argument used in the proof of Theorem 7.11 given in [Ab2] . (Recall that a triangulated subcategory is called dense if every object is a direct summand of an object in the subcategory.)
Now by [Th, Theorem 2.1] , to show that A = Perf T (X) it suffices to show that the subgroup K(A) of K(Perf T (X)) = K T (X) is equal to K T (X). We will show that K T (X) is additively generated by T -equivariant ample line bundles.
Let r = |Σ(1)| be the number of 1-dimensional cones, and let v = |Σ(n)| be the number of maximal cones, which is also equal to the number of T -fixed points in X. Then r = rank Z Pic T (X).
Step 1. Claim: There exists a Z-basis {L 1 , . . . , L r } of (Pic T (X), ⊗) such that L 1 , . . . , L r are T -equivariant ample line bundles.
There exists a primitive ample class α ∈ H 1,1 (X; Z). Let M 1 be a T -equivariant line bundle with c 1 (M 1 ) = α. There exist T -equivariant line bundles M 2 , . . . , M r such that {M 1 , . . . , M r } is a Z-basis of (Pic T (X), ⊗). There exist positive integers n 2 , . . . , n r such that M i ⊗ M ⊗ni 1 are ample, i = 2, . . . , r. Let
Then {L 1 , . . . , L r } is the desired Z-basis of (Pic T (X), ⊗).
Step 2. Let e i = (c 1 ) T (L i ) ∈ H 2 T (X; Z). Let x 1 , . . . , x v be the T -fixed points of X, and let ǫ j : x j → X be the inclusion. Let 
Step 3 ⊗ · · · ⊗ L ⊗mr r is ample. Therefore K T (X) is additively generated by T -equivariant ample line bundles. 7.6. Main theorem-fourth version: equivariant HMS for toric varieties. By Theorem 5.2, there is an equivalence of dg tensor categories Perf T (X Σ ) ∼ = Sh cc (M R ; Λ Σ ), where ample line bundles correspond to costandard sheaves over their moment polytope. Moreover, Corollary 7.10 says the triangulated envelope T rF of the Fukaya category consisting of objects coming from equivariant ample bundles by T-duality is quasi-equivalent to the subcategory of constructible sheaves generated by costandards over the moment polytopes. Therefore, T rF is quasiequivalent to a full subcategory of Perf T (X Σ ) generated by ample line bundles. Theorem 7.12 says this full subcategory is indeed Perf T (X Σ ) = Coh(X Σ ) when X Σ is smooth and projective. We've reached Theorem 7.13 (Equivariant HMS for toric varieties). The triangulated envelope T rF is quasi-equivalent to a full triangulated dg sub-category of Perf T (X Σ ) generated by ample bundles. When X is smooth and projective, there are quasiequivalences
For any analytical manifold X and a conical Lagrangian Λ ⊂ T * X, define F uk(T * X; Λ) ⊂ F uk(T * X) to be the full A ∞ -subcategory consisting of branes with boundaries at infinity contained in Λ ∞ . By results in [Na, Na2] , the microlocalization functor defined in [NZ] induces an equivalence D cc (M R ; Λ Σ ) ∼ = DF uk(T * M R ; Λ Σ ) These facts combined with Theorem 5.2 give rise to Theorem 7.14. Suppose X Σ is complete. Then
This functor maps an equivariant ample line bundle to its T-dual brane, which is a costandard brane over its moment polytope. This quasi-equivalence functor is given by the composition
7.7. Functoriality and tensoriality for the Fukaya category. The functoriality of the functor κ is addressed in Section 3.6. We extend this functoriality involving the Fukaya category. This is simply a combination of Section 3.6 and the results of [Na, Section 5] . We first review some general results in [Na, Section 5] . Given two real analytic manifolds X 0 , X 1 , let p 0 : X 0 × X 1 → X 0 and p 1 : X 0 × X 1 → X 1 be projections.
For a real analytic manifold Y , let µ Y : Sh c (Y ) → F uk(T * Y ) be the microlocalization functor, and let α Y : F uk(T * Y ) → F uk(T * Y ) • be the brane duality functor (induced by multiplication by −1 on cotangent vectors). Let
be the Yoneda embedding for left A ∞ -modules over F uk(T * X 1 ).
An object K of Sh c (X 0 × X 1 ) defines a functor
The following is a special case of [Na, Proposition 5.3.1] .
Theorem 7.15. Consider an object K of Sh c (X 0 × X 1 ), and its microlocalization L = µ X0×X1 (K). There there is a quasi-isomorphism
Therefore the functorΨ L! is represented by
Let v : X 0 → X 1 be a smooth map, and let
be the graph of v. Let K = C Γv be the constant sheaf on Γ v , and let L v = µ X1×X2 (K). Then
Define Ψ Lv! as in Theorem 7.15. Then there is a quasi-isomorphism
For two toric varieties X 1 = X Σ1 and X 2 = X Σ2 and a fan-preserving map f : N 1 → N 2 , let v : M 2,R → M 1,R and u : X 1 → X 2 be defined as in Section 3.6. As a special case of Example 7.16, define
Combining (18) with Theorem 3.14, we come to a larger diagram:
Theorem 7.17. For two complete toric varieties X 1 = X Σ1 and X 2 = X Σ2 and a fan-preserving map f : N 1 → N 2 , and associated maps f ⊗ 1 C * :
the following diagram commutes up to natural isomorphism
As in Example 3.18, we consider the diagonal map N → N ⊕ N . The corresponding map u : X → X × X is also the diagonal map, and the correspond-
. We define the product L 1 ⋄L 2 of two objects L 1 and L 2 of F uk(T * M R ) by the formula
Then for two objects F and G of Sh cc (M R ) we have, by functoriality,
is the convolution of F and G.
Corollary 7.18 (tensoriality). The microlocalization functor µ M R :
is an equivalence of tensor categories, where the tensor structure on Sh cc (M R ) is given by the convolution, and the tensor structure on F uk(T * M R ) is given by the product ⋄ defined by (19).
be the pull back T 1 -equivariant line bundle, and let u * h be the pull back T 1,R -invariant metric. We expect that
We know that (20) holds when D c is ample or anti-ample. To check (21), one needs to show that
for any object P of F uk(T * M 1,R ).
Let O X2 (D c ′ ) be another T 2 -equivariant line bundle on X 2 with a T 2,R -invariant hermitian metric h ′ . We expect that
We know (22) holds when D c , D c ′ are both ample or anti-ample, and ω h , ω h ′ are symplectic forms.
Appendix A. Orbits in a Toric Variety
The T -orbits of X Σ can be described using the structure of the fan. Given a d-dimensional cone τ ∈ Σ, let τ ⊥ be the Then N (τ ) and M (τ ) are dual lattices of rank (n − d), and
We have a disjoint union of T -orbits:
which is a T -equivariant stratification of X Σ . Let
be the affine toric subvariety of X Σ associated to τ . There is an inclusion O τ ⊂ X τ and a deformation retraction r τ : X τ → O τ . More explicitly, there exists a basis w 1 , . . . , w d of N τ such that
Suppose that y ∈ N τ ∩τ • , so that y = d j=1 n j w j where n j ∈ Z >0 . Then retraction r τ is given by r τ (p) = lim t→−∞ e ty · p.
Since T = O {0} is contained in X τ for all τ ∈ Σ, we have a surjective map r τ : Then we have an inclusion j : (X Σ ) ≥0 ֒→ X Σ and a retraction r : X Σ → (X Σ ) ≥0 . The retraction r descends to a homeomorphism X Σ /T R ∼ = (X Σ ) ≥0 .
Appendix B. Review of Geometric Categories and Proof of Proposition 7.4
We recall definitions and basic properties from [vM] .
Definition B.1 (analytic-geometric category). We say that an analytic-geometric category C is given if each manifold X is equipped with a collection C(X) of subsets of X such that the following conditions are satisfied for all manifolds X and Y : AG1. C(X) is a Boolean algebra of subsets of X, with X ∈ C(M ).
f = (f 1 , . . . , f k ) : A → B 1 × · · · × B k is a C-map if and only if each f i : A → B i is a C-map. (7) cl(A), int(A) ∈ C(X). Corollary B.3. Assume f : X → Y is a C-map which is also a homeomorphism. Then
(1) f −1 : Y → X is a C-map.
(2) For any subset A ⊂ X, A ∈ C(X) ⇔ f (A) ∈ C(Y ).
Proof of Proposition 7.4 . By (7) Then F is a proper real analytic map. Let
LetL be the closure of L in B(N R ), and let L ∞ =L ∩ (X Σ × S(N R )). By (4) of Theorem B.2, it suffices to prove that (2a) L ∈ C(X Σ ×B(N R )),
Recall that X σ ∼ = C n for σ ∈ Σ(n), and {X σ | σ ∈ Σ(n)} is an open cover of X Σ . By AG4 of Definition B.1, it suffices to prove that, for any σ ∈ Σ(n),
Given σ ∈ Σ(n), there exists a Z-basis {w 1 , . . . , w n } of N such that {w , . . . , w n } ⊂ {v 1 , . . . , v r }, σ = {r 1 w 1 + · · · + r n w n | r j ≥ 0}.
Let {w ∨ 1 , . . . , w ∨ n } be the dual Z-basis of M , so that σ ∨ = {s 1 w ∨ 1 + · · · + s n w ∨ n | s j ≥ 0}. We have C[σ ∨ ∩ M ] = C[χ w ∨ 1 , . . . , χ w ∨ n ].
Let Z j = χ w ∨ j . Then Z 1 , . . . , Z n are holomorphic coordinates of
The image of j 0 : N R → X Σ is contained in X σ , and j 0 is given by y → (e w ∨ 1 ,y , . . . , e w ∨ n ,y ), or equivalently, n j=1 y j w j → (e y1 , . . . , e yn ). LetL 1 be the closure of L 1 in R n ×B, and let L ∞ 1 =L 1 ∩ (R n × S). Then ψ(L 1 ) = L, ψ(L 1 ) =L, ψ(L ∞ 1 ) = L ∞ . So it suffices to prove that (4a) L 1 ∈ C(R n ×B), (4b) L ∞ 1 = {(x, y) ∈ R n × S | y j ≤ 0, x j ≥ 0, x 1 y 1 = · · · = x n y n = 0}. Given any subset I ⊂ {1, 2, . . . , n}, define U I = {(x 1 , . . . , x n ) | |x i | < 1 for i ∈ I, |x i | > 1 2 for i / ∈ I}.
Then , (x d+1 , . . . , x n ), y) → ((f (t 1 ), . . . , f (t d )), (x d+1 , . . . , x n ), y).
Then φ is a homeomorphism, and both φ and φ −1 are C-maps. To prove (5a), it suffices to prove that φ −1 (L 1 ∩ (U I ×B)) ∈ C(R d × J n−d ×B).
We will prove that φ −1 (L 1 ∩ (U I ×B)) ∈ C an (R d × J n−d ×B).
We have φ −1 (L 1 ∩ (U I ×B)) = {((t 1 , . . . , t d ), (x d+1 , . . . , x n ), y) ∈ R d × J n−d ×B | t i > 0, x i > 1 2 , Q(y) < 1, 1 − Q(y) = −t i y i , 1 ≤ i ≤ d; log x i 1 − Q(y) = y i , d + 1 ≤ i ≤ n} = {((t 1 , . . . , t d ), (x d+1 , . . . , x n ), y) ∈ R d × J n−d ×B | t i > 0, x i > 1 2 , y 1 , . . . , y d < 0, (log x d+1 )y d+1 , . . . , (log x n )y n ≥ 0, Q(y) < 1 1 − Q(y) = t 2 i y 2 i , 1 ≤ i ≤ d; (log x i ) 2 (1 − Q(y)) = y 2 i , d + 1 ≤ i ≤ n} φ −1 (L 1 ∩(U I ×B)) is defined by equalities and inequalities of real analytic functions, so φ −1 (L 1 ∩ (U I ×B)) ∈ C an (R d × J n−d ×B).
This proves (5a). Note that φ −1 (L 1 ∩ (U I ×B)) = {((t 1 , . . . , t d ), (x d+1 , . . . , x n ), y) ∈ R d × J n−d ×B | t i ≥ 0, x i > 1 2 , y 1 , . . . , y d ≤ 0, (log x d+1 )y d+1 , . . . , (log x n )y n ≥ 0,
= {((t 1 , . . . , t d ), (x d+1 , . . . , x n ), y) ∈ R d × J n−d × S | t i ≥ 0, x i > 1 2 , y 1 , . . . , y d ≤ 0, t i y i = 0, 1 ≤ i ≤ d; y i = 0, d + 1 ≤ i ≤ n}.
This proves (5b).
Appendix C. Relation to Abouzaid's work
Abouzaid studies the Fukaya category of the Landau-Ginzburg model dual to the toric variety. We first briefly describe the construction in [Ab2] in our notation. We use the notation in Section 2.4. X Σ is an n-dimensional smooth projective toric variety defined by a smooth complete fan Σ ⊂ N R , Σ(1) = {ρ 1 , . . . , ρ r } is the set of 1-dimensional cones in Σ, and v i ∈ N is the generator of ρ i , i = 1, . . . , r.
Let P ⊂ N R be the convex hull of {v 1 , . . . , v r }. The Landau-Ginzburg model dual to X Σ is a pair ((C * ) n , W ), where W : (C * ) n → C is known as the superpotential. In our notation, W is a holomorphic function on T ∨ = M ⊗ C * , the complex dual to the torus T = N ⊗ C * acting on X Σ . Let z α ∈ Hom(T ∨ , C * ) be the image of α ∈ N under the isomorphism N Up to now, W depends only on the fan Σ. To apply tropical geometry, Abouzaid picks an ample line bundle L ν on X Σ associated to a strictly convex piecewise linear function ν : N R → R and defines a 1-parameter family of superpotential (recall that ν takes integral values on the lattice N ):
where {c α } are fixed constants satisfying (25). Therefore ((C * ) n , W t ) can be viewed as the dual of the polarized toric variety (X Σ , L ν ). M t = W −1 t (0) is a smooth hypersurface in (C * ) n .
We have
T ∨ ∼ = M ⊗ C * ∼ = (M R /M ) × M R ∼ = T (T ∨ R ) Under the isomorphism T ∨ ∼ = C * , the projection T ∨ R × M R → M R gets identified with the logarithm map Log : (C * ) n → R n in tropical geometry:
Log(z 1 , . . . , z n ) = (log |z 1 |, . . . , log |z n |).
Let A t := Log(M t ) be the amoeba of M t . When X Σ is Fano, there is a unique bounded connected component Q t of R n − A t . Abouzaid defines a pre-category of tropical Lagrangian sections whose objects (Lagrangian branes) are sections of the restrictions of the logarithm moment map to Q t ; these Lagrangian branes are compact n-dimensional submanifolds of T ∨ R × M R with boundary in M t . We will describe the relation between the tropical version of Abouzaid's Lagrangian branes (see [Ab1, Section 3.3] ) and ours. Let 
